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               a b s t r a c t

     The  are notion developing in of  statistical methods  machine which learning  robust to adversarial per- 

             turbations in  underlying data  interest in the  has ofbeen the subject increasing  recent years. A com- 

                           mon feature isof this work that adversarialthe robustification often corresponds regularization exactly to

                 methods a  plus a which appear as loss function  penalty. In this  deepen  the paper we  and extend  un-

                       derstanding in of and achievedthe connection between robustification regularization (as by penalization)

     regression problems. Specifically,

                               (a) characterizeIn linearthe context of regression, we precisely conditionsunder which on the model of 

                         uncertainty areused and on andthe loss function penalties robustification regularization equivalent.

       (b) We extend the  regression characterization of and robustification  regularization  matrix to  problems 

           (matrix andcompletion Principal Component Analysis).

       © 2017 Elsevier AllB.V. rights reserved. 

 1.  Introduction

         The  predictive development of methods that perform well in
     the  the modern face of uncertainty is at  core of  machine learn-

         ing and statistical practice.  notion Indeed, the of regularization—
loosely        speaking, a means of controlling the ability of a statisti-

                 cal  trading model settingsto generalize to new  by off with the

                     model’s complexity— is the (at very heart of such work Hastie,
             Tibshirani, & Friedman, 2009). Corresponding regularized statistical

                   methods, the regression (such as Lasso for linear Tibshirani, 1996)
             and nuclear-norm-based matrixapproaches to completion (Candès

         &  2012; Recht, 2010Recht, Fazel, & Parrilo, ), are now ubiquitous

             and have inseen widespread success practice.
                 In parallel to the methods,development of such regularization

           it has  inbeen shown  the  optimizationfield of robust  that under
                 certain conditions these regularized problems result from the need

     to immunize the statistical problem against adversarial perturba-

 tions in the  (data  Ben-Tal, Ghaoui, & Nemirovski, 2009; Carama-
                       nis, Mannor, & 2011;Xu, Ghaoui & Lebret, 1997; &Xu, Caramanis,

                 Mannor, 2010). Such a arobustification offers different perspective
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               on regularization methods by identifying which adversarial pertur-
 bations the model is protected against. Conversely, this can help

               to inform statistical modeling identifyingdecisions by potential
choices  regularizers. of  Further, this connection between regular- 

                 ization robustificationand offers usethe potential to sophisticated

 data-driven methods  optimization (in robust  Bertsimas, Gupta, &
   Kallus, 2013;  Rudin, 2014Tulabandhula &  ) to design regularizers

       in a principled fashion.
                   With the thecontinuing growth of adversarial viewpoint in ma-

                   chine newlearning advent(e.g. the of deep learning methodologies

                 such as generative adversarial networks (Goodfellow et al., 2014a;
                 Goodfellow, & Szegedy, 2014b;Shlens, Shaham, Yamada, & Negah-

                   ban, 2015)), it is becoming increasingly important to better under-
           stand the connection between robustification and regularization.

                 Our  ongoal in paper is new this  to shed light  this relationship

                   by focusing in particular andon linear matrix regression problems.
       Specifically, our contributions include:

     1. In the context of linear regression we demonstrate that in
                 general such a procedurerobustification is not equivalent to

           regularization (via penalization). characterize preciselyWe

     under  conditions which  on of usedthe model  uncertainty 
                   and hason the loss function penalties one that robustifica-

         tion is equivalent regularization.to
               2.  breakWe new in ground by considering problems the ma-

       trix setting,  completion such as matrix and Principal Com-

       ponent Analysis  show that (PCA). We the norm, anuclear 
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   Table 1

     Matrix norms on      � ∈ R
 m n× . 

     Name Notation Definition Description 

   p F-Frobenius  p

�
 �

 i j

|�  i j  |  p

�  1/p

   Entrywise �  p norm 

p-spectral 

(Schatten) 

σ  p  � �μ(�)  p  �  p          norm on the singular values

     Induced ( , )h g  max
β

 g(�β)

 h(β)
         Induced ,by norms g h

               popular penalty this arisesfunction throughoutused setting,

       directly with the case through robustification. As  of vector
     regression, under we characterize  which conditions on the

               model equivalenceof uncertainty there is of robustification

           and inregularization the setting.matrix

   The structure of the  , paper is as follows. In Section 2 we re-
                 view background on regu-norms and consider robustification and

                     larization regression,in the context of linear focusing both on their

                   equivalence and non-equivalence. In Section 3, we turn our atten-
                 tion to regression with underlying matrix variables, considering in

         depth both matrix completion  , and PCA. In Section 4 we include
     some concluding remarks.

 2.            A robust perspective of linear regression

         2.1. Norms and their duals

                 In this section, necessarywe introduce the background on

               norms which we will use to address the equivalence of robustifi-

                   cation and inregularization the context of linear regression. Given
           a vector space V ⊆ R  n                            we say : athat � · � V → R is norm if for all

               v w, ∈ ∈V and α R

               1. If �v� = 0 0, then v =  ,

         2. �αv� = |α|�v � (absolute homogeneity), and
             3. �v+w� ≤ �v� + �w� (triangle inequality).

                           If � �· satisfies conditions call2 butand 3, not 1, we  it a semi-

     norm. For a norm � �· on R  n      we define its dual, denoted � �· ∗  , to

 be

� � β ∗    := max
 x∈R  n

 x
 � β

� � x
 ,

   where x  �                denotes the transpose of x (and therefore x  �        β is the usual
           inner product). theFor example, �  p  norms �β�  p  : (= �  i|β  i  |

 p  )  1/p  for

         p ∈ [1, ∞) and �β�   ∞    := max  i|β  i            | asatisfy well-known duality re-

   lation: �  p∗        is dual to �  p      , where p∗          ∈ [1, ∞] with 1 1/p+ /p∗    = 1. We 
   call p∗                  the . normsconjugate of p More generally for matrix  1    � �· on

 R  m n×          the analogously:dual is defined

� � � ∗    := max
 A∈R  m n×

 � � A,�

� � A
 ,

       where � ∈ R  m n×              and inner�·,·� denotes the trace product:
       � �A,� = Tr(A  �    �), where A  �          denotes the transpose .of A We note

                           that originalthe the norm thedual of dual is norm (Boyd & Van-
   denberghe, 2004).

                     Three choices matrixwidely used for norms (see Horn & John-

                   son, 2013) Frobenius, spectral, norms.are and induced The defini-
                     tions thesefor norms givenare below for � ∈ R  m n×    and summa-

           rized in Table 1 for convenient reference. 

 1          We treat a matrix norm  normas any  on R  m n×    which satisfies the three con- 

       ditions of a usual vector norm,  “matrixalthough some authors reserve the term

           norm” for a norm on R
 m n×              which also satisfies submultiplicativitya condition (see

           Horn Johnson, 2013and , pg. 341).

   1. The  -Frobenius p norm, denoted � · �  F  p    , �is the entrywise   p

           norm the :on entries of �

� � �  F  p
 :=

�
�

 i j

|�  i j|   p
�  1/p

 .

       Analogous to before, F  p∗        is dual to F  p          , 1 1where /p+ /p∗    = 1.

             2.  denotedThe p-spectral norm,(Schatten) � · �σ  p        , �is the  p

                 norm the the :on singular values of matrix �

� � � σ  p
 := � � μ( )�  p  ,

               where denotes containingμ( )� the vector the singular val- 

       ues of �. Again, σ  p∗      is dual to σ  p  .
                       3. Finally we consider class inducedthe of norms. :If g R  m  →

         R Rand h :  n                  → R are norms, thethen we define induced
   norm � �·    ( , )h g  as

� � �  ( )h g,    := max
 β∈R  n

 g( )�β

h(β) 
 .

               An important special case occurs when g = �  p        and h = �  q  .

         When such  used,  used norms are ( ,  )q p is  as shorthand to

   denote (�  q    , �  p                ). Induced norms sometimesare referred to as
                 operator operatornorms. reserve theWe  term norm thefor

     induced norm (�  2    , �  2          ) ( )= 2 2, = σ  ∞        , which measures the
     largest singular value.

     2.2. Uncertain regression

                 We now turn our attention regressionto uncertain linear prob-
                     lems regularization. Theand starting point for our discussion theis

   standard problem

 min
 β∈R  n

     g(y X− β),

     where y ∈ R  m        and X ∈ R  m n×              are data and isg some convex func-
             tion, typically a norm. For example, g = �  2      is least squares, while

     g = �  1                      is known as least absolute mod-deviation (LAD). In favor of
                     els which mitigate overfitting thesethe effects of are often re-

         placed problemby the regularization

 min
β

         g h(y X− β) + (β),

       where h : R  n            → R is some penalty function, typically taken to be
               convex. This approach penal-often aims to address overfitting by 

                       izing asthe complexity the measuredof model, h( aβ). (For more

                   formal treatment theory,using Hilbert space (see Bauschke & Com-
   bettes, 2011; Bousquet, Boucheron,  Lugosi, &  2004). For example,

       taking g = �  2
 2        and h = �  2

 2            , we recover the so-called regularized least
                     squares regression ((RLS), also known as ridge Hastie et al., 2009).

     The choice of g = �  2
 2      and h = �  1      leads  least to Lasso, or  absolute

     shrinkage and selection operator, introduced in Tibshirani (1996).
               Lasso is often employed  where in scenarios  the solution β is de-

               sired  sparse, nonzero to be  i.e., β has very few entries. Broadly

                 speaking, regularization can take much more general forms; for

         our  our purposes, we restrict attention to regularization that ap-
           pears in the penalized form above.

                   In contrast mayto this approach, one alternatively wish to re-

     examine the  regression nominal  problem minβ        g(y X− β) and in-

                     stead attempt solveto this taking adversarial noiseinto account in

                   the .data matrix X As in Ghaoui and Lebret (1997) (2002), Lewis ,
                       Lewis and Pang (2009) Ben-Tal al. (2009) al., et , Xu et (2010), this

         approach may thetake form

 min
β

 max
 �∈U

           g(y X− ( + �)β), (1)

           where the set U ⊆ R  m n×          characterizes beliefthe user’s about
                         uncertainty on the . set thedata matrix X This U is known in
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             language of robust optimization (Ben-Tal et al., 2009; Bertsimas,
                     Brown, 2011& Caramanis, ) set theas an uncertainty and inner

     maximization problem max  �∈U              g(y X− ( + �)β) takes into account

                         the ) . aworst-case error (measured via g over U We call such

               procedure robustification because it attempts to immunize or

               robustify the regression problem from structural uncertainty in
               the data. Such an adversarial or of“worst-case” procedure is one 

   the  the  optimization (key tenets of  area of robust Ben-Tal et al.,
         2009; Bertsimas et al., 2011).

                 As noted in the theintroduction, adversarial perspective offers

                   several attractive onfeatures. Let us first focus settings when
               robustification coincides with a regularization problem. In such

     a  the thecase,  robustification identifies  adversarial perturbations
       the model is protected against,  addi-which  in  provide can turn

   tional insight into the behavior of different regularizers. Further,

               technical machinery developed for the construction of data-driven
                 uncertainty sets in robust optimization (Bertsimas et al., 2013;

                   Tulabandhula & Rudin, 2014) the aenables potential for princi-
         pled framework thefor  design of regularization schemes, in turn

               addressing modelinga complex decision encountered practice.in

                 Moreover, the adversarial approach is of interest in its own 
                     right, directly aeven if robustification does not correspond to reg-

   ularization problem. burgeoningThis is  in evidenced  part by the 
   success  networks  methodolo-of generative adversarial  and other

                 gies deepin learning (Goodfellow et al., 2014a; Goodfellow et al.,

                   2014b; Shaham 2015et al., ). Further, worst-casethe approach often
                   leads to a more straightforward analysis of properties of estimators

                       (Xu et al., 2010 Ben-) (as well as algorithms for finding estimators
         Tal, Hazan, Koren, & Mannor, 2015).

                   Let robustificationus now return to the problem. A natural

                     choice of an uncertainty set giveswhich rise to interpretability is
             the set U = ∈{� R  m n×                  : ��� ≤ λ}, where � �· is some matrix norm

               and λ > 0. One can then write max  �∈U          g(y X− ( + �)β) as

 max
 � X

 g(y− � Xβ) 

     s t. . �X− �      X� ≤ λ,

       or the  case worst error taken over all �   X sufficiently close to the

                         data matrix seminorm, thenX. a normIn what follows, if � � · is or
     we let U  � �·              denote ballthe of radius λ in � �· :

 U  � �·            = ≤{� : � �� λ}.

     For example, U  F  p
 , Uσ  p    , and U  ( )h g,          denote uncertainty sets under the

   norms F  p  , σ  p                        , ( ,and h g), respectively. We assume 0λ > fixed for

         the theremainder of paper.
       We briefly  addressing  thatmention uncertainty in y. Suppose 

       we have a set V ⊆ R  m          which captures about thesome belief un-
               certainty in  have y. If again we  an uncertainty set U ⊆ R  m n×    , we

                 may a theattempt to solve problem of form

 min
β

 max
 δ∈V
 �∈U

             g(y X+ −δ ( + �)β).

               We can instead newwork with a loss function ḡ    defined as

ḡ      (v) := max
 δ∈V

     g(v+ δ).

           If g is convex, then so is ḡ              . In this way, we can work with the

       problem in the form

 min
β

 max
 �∈U
ḡ          (y− (X+ �)β),

                     where there onlyis uncertainty in X. theThroughout remainder of
               this paper we will only consider such uncertainty.

       Relation to robust statistics

                   There beenhas extensive work in the robust statistics commu-
                   nity on statistical methods which perform well in noisy, real-world

                     environments. As noted in Ben-Tal al. (2009)et , the connection be-
                 tween  optimizationrobust and robust statistics is not clear. We

                       do put describenot forth any here,connection but briefly the de-
         velopment of robust statistics to appropriately contextualize our

             work. Instead of modeling noise via a distributional perspective,

                           as is in in paperoften the case robust statistics, this we choose to
                       model a ait in deterministic way using uncertainty sets. For com-

   prehensive description of the theoretical developments in robust 
                       statistics in the last half century, see the (texts Huber & Ronchetti,

               2009; Rousseeuw, Rousseeuw, &1984) the (and surveys  Hubert,

       Aelst, 2008; Morgenthaler, 2007).
                     A central theaspect of work in robust statistics is develop-

               ment (This  inand use of  ofa set more general  loss functions. is
           contrast the optimizationto  robust  approach, which generally re-

             sults in newthe  loss with a same nominal  function  penalty; see

                   Section 2.3 below.) least (theFor example, while squares �  2    loss) is
                     known to perform performwell noise,under Gaussian it notdoes

           well  noise,under other types of  such as contaminated Gaussian
                 noise. that least(Indeed, definedthe Gaussian distribution was  so

             squares  the optimal Gaussian (is method under noise Rousseeuw,

                   1984).) In contrast, methoda like LAD regression (the �  1  loss) gen- 
                       erally performs better than least squares with , buterrors in y not

             necessarily matrixerrors in the data X.
                 A methodsmore general class of such  is M-estimators as pro-

                   posed in Huber (1973) and since studied extensively (Huber &

               Ronchetti, 2009; Leroy,Rousseeuw & 1987). However, M-estimators
                 lack desirable finite sample breakdown properties; short,in M-

           estimators perform very poorly in recovering the loadings β∗  un-
                         der ).gross errors in the ( ,data X y To address thesesome of

           shortcomings, GM-estimators were introduced (Hampel, Hill,1974; 

                 1977; Mallows, 1975). Since manythese, other estimators have
       been proposed. One such method is least quantile of squares re-

               gression (Rousseeuw, 1984) which has highly desirable robustness
           properties. There  been significanthas interest in new robust sta-

               tistical methods with thein recent years  increasing availability of

           large quantities of oftenhigh-dimensional data, which make re- 
     liable outlier detection  modern difficult. For commentary on ap-

         proaches to robust statistics, see (Bradic, Fan, & Wang, 2011; Fan, 
                     Fan, & Barut, 2014; Hubert et al., 2008) and references therein.

       Relation to error-in-variable models

       Another class modelsof statistical which  particularly are  rel-
     evant for the work contained herein are error-in-variable models

                 (Carroll, Ruppert, Stefanski, & Crainiceanu, 2006). One approach to

           such a theproblem takes form

 min
 β∈R  n    , �∈R  m n×

           g P(y X− ( + +�)β) (�),

                     where P is which intoa penalty function takes account the com-

                     plexity possible canoni-of perturbations � to the . Adata matrix X
                         cal example of such a squares (method is total least Golub & Loan,

                   1980; Markovsky & Huffel, 2007), which fixedcan writtenbe for τ

     > 0 as

 min
β,�

       � � y− +(X �)β  2    + τ���  F  .

           An equivalent way of such writing  problems is, instead pe-of

         nalized  asform, constrained problems. optimization  In particular,
             the theconstrained version generically takes form

 min
β

 min
 �:

P( )� ≤η

           g(y X− ( + �)β), (2)

         where η > 0  the  , the is fixed. Under representation in (2) com-

                 parison with the optimization becomesrobust approach in (1)
             immediate. While the classical error-in-variables approach takes

                     an optimistic matrixview on uncertainty in the data X , and

           finds loadings β on the new “corrected” data matrix X+ �, the
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               minimax approach of (1) considers protections adversarialagainst
                 perturbations in whichthe data maximally increase the loss.

                   One of the advantages approachof the adversarial to error-
                 in-variables  thatis it analysis enables a direct of certain statis-

           tical properties, such as asymptotic consistency  estimatorsof (c.f.

               Caramanis et al., 2011; 2010Xu et al.,  ).  analyzingIn contrast, the
         consistency estimatorsof  attained by a model such as total least

                   squares a complex issue (is Kukush, Markovsky, & Huffel, 2005).

           2.3. Equivalence of robustification and regularization

                   A natural the proceduresquestion is when do of regulariza-

               tion and robustification coincide. This problem firstwas studied

                     in Ghaoui and Lebret (1997) in the context of uncertain least
                   squares settingsproblems and has been extended to more general

                     in Caramanis et al. (2011) al.; Xu et (2010) and most comprehen-
                     sively in Ben-Tal al. (2009)et . In this section, we present settings

                 in which isrobustification equivalent regularization.to When such
                 an equivalence optimizationholds, tools from robust  can be used

                 to analyze problemproperties of the regularization (c.f. Caramanis

             et al., 2011; 2010Xu et al., ).
                   We begin with a general result on robustification under induced

     seminorm uncertainty sets.

           Theorem 1. If g : R  m                  → R is a seminorm identicallywhich is not

         zero and h : R  n                      → ∈R is a anynorm, then for z R  m      and β ∈ R  n

 max
 �∈U  ( )h g,

           g g h(z+ =�β) (z) + λ (β),

   where U  ( )h g,      = {� : � � �  ( )h g,    ≤ λ}.

                       Proof. From the triangle inequality g(z+ �β) ≤ g(z) + g(�β) ≤
g                ( ) ( ) z + λh β for any � ∈ = U : U  ( )h g,          . We next show that there ex- 

                       ists some � ∈ U so that g (z+ �β) = g(z) + λh(β). Let v ∈ R  n  so

     that  argmaxv ∈  h∗  ( )v =1  v  �    β, where h∗      is the norm . dual  of h Note
 in particular that v  �            β β= h( ) by the definition of the dual norm

 h∗                        . ( ) 0. theFor now suppose that g z �= Define rank one matrix
�   � = λ

 g(z)
 zv  �      . Observe that

 g(z+�  �β)=g

	
   z+

λh(β) 

 g(z)
 z



 =

   g h(z) + λ (β) 

 g(z)
       g g h(z)= (z) + λ (β).

     We next show that �               � ∈  ∈ U. Observe that for any x R  n  that

g( �    �x) = g

	
λ  v

 �
 x

 g(z)
 z



   = λ|v  �      x x| ≤ λh( )h∗      ( ) ( )v = λh x ,

                   where the the norm.final inequality follows by definition of dual

 Hence �        � ∈ U, as desired.
               We now consider Let the case  0.when g(z) =  u ∈ R  m  so that

                         g g(u) = 1 (because is not identically zero there exists some u so
                             that thatg( ) 0, so sou > and by homogeneity of g we can take u

           g(u v) = 1). Let  be as before. Now define �   � = λuv  �    .  observeWe
 that

   g(z+ �          �β) (= g z + λuv  �          β) ( )≤ g z + λ|v  �    β β|g(u) = λh( ).

           Now, by the reverse triangle inequality,

   g(z+ �    �β) ( ≥ g �        �β) ( ) ( − g  z = g �      �β) (= λh β),

       and therefore g(z+ �                    �β) (= λh β) ( ) (= g z + λh β). The proof that
�                 � ∈  �=U is identical to the case  ( ) when g z 0.  theThis completes

 proof. �

This                    result implies as a corollary known results on the con-
               nection between robustification and regularization as found in Xu 

                         et al. (2010), Ben-Tal al. (2009) al. (2011)et , Caramanis et and ref-
   erences therein.

                       Corollary 1 (Ben-Tal 2011;et al., al.,2009; Caramanis et Xu et al.,
               2010) ,. If p q ∈ [1, ∞] then

 min
β

 max
 �∈U  ( )q p,

       � � y− +(X �)β  p    = min
β

   � � y− Xβ  p  + λ�β�   q  .

                           In particular, p q as afor = = 2 we recover regularized least squares

                           robustification; likewise, for p q= 2 and = 1 we recover the Lasso.  2

                       Theorem 2 (Ben-Tal 2011;et al., al.,2009; Caramanis et Xu et al.,

                       2010) ,. One has the following for any p q ∈ [1, ∞]:

 min
β

 max
 �∈U  F  p

       � � y− +(X �)β  p    = min
β

   � � y− Xβ  p  + λ�β�   p∗  ,

   where p∗            is the conjugate Similarly,of p.

 min
β

 max
 �∈Uσ  q

       � � y− +(X �)β  2    = min
β

   � � y− Xβ  2  + λ�β�  2  .

                 Observe squaresthat regularized least arises again under all

     uncertainty sets defined by the spectral norms σ  q      when the loss
         function is g = �  2                  . continue with aNow we  remark on how Lasso

                 arises Seethrough regularization. Xu et al. (2010) for comprehen-

                 sive the sparsitywork on robustness and implications of Lasso as
                 interpreted through such a robustification considered in this paper.

                           Remark 1. As per it is knownCorollary 1 that Lasso arises as uncer-

   tain �  2              regression with uncertainty set U U:=  ( )1 2,        (Xu et al., 2010).

                   As with Theorem 1, one might argue that the �  1      penalizer asarises

                         an of of uncertainty.artifact the model We remark that one can de-

                       rive the theset setU as an induced uncertainty defined using “true”

non-convex    penalty �  0      , where �β�  0  : := |{i β  i          �= 0}|. To be precise, for
                       any p ∈ [1, ∞] and for � = ∈{β R  n    : �β�  p        ≤ 1} we claim that

 U
 �  :=

�
     � : max

β∈�

� � �β  2

� � β  0

 ≤ λ

�

       satisfies U = U  �                . anThis is summarized, with additional representation

 U  ��                      as used in Xu et al. (2010), in the following proposition.

           Proposition 1. If U U=  ( )1 2,    , U  �      = {� : � � �β  2    ≤ λ� �β  0  ∀�β�  p ≤
1                  } for an arbitrary p ∈ [1, ],∞ and U  ��      = {� : ��  i�  2        ≤ λ ∀i}, where
�  i                    is the ith column of �, then U U=  �    = U  ��  .

             Proof. We first show that U U=   �      . Because �β�  1 ≤ � � β  0        for all β ∈
 R  n    with �β�  p                ≤ ⊆1, we have that U U  �              . Now suppose that � ∈ U  �  .

           Then for any β ∈ R  n        , we have that

� � �β  2  =







�

 i

β  i  �e  i







 2

≤
� 

 i

|β  i| �   �e  i�  2 ≤
� 

 i

|β  i    | � � λ = λ β  1  ,

   where {e  i}   n  i=1              is the standard orthonormal basis for R  n    . Hence,
     � ∈ U Uand therefore   �        ⊆ U .  with the  direc-Combining previous 

         tion gives U U=  �  .
           We now prove that U = U  ��      . That U  ��          ⊆ U is essentially obvi-

       ous; U ⊆ U  ��            follows by considering β ∈ {e  i}   n  i=1        . theThis completes

 proof. �

This         proposition implies that �  1        arises from the robustification

               setting without directly appealing to standard convexity arguments

     for why �  1        should be used to replace �  0        (which use the fact that
 �  1              is the so-called convex envelope of �  0      on [ 1− ,1]  n        , see e.g. Boyd

     and Vandenberghe (2004).

                         In light aboveof the discussion, it is not difficult to show that
             other Lasso-like can also methods  be expressed adversarialas an

 2    Strictly speaking,  regularized least we recover  to equivalent problems  squares 

                   and Lasso, respectively. We take the usual convention and overlook this technicality 

                         (see Ben-Tal et al., 2009 for a discussion). For completeness, we note that one can

           work directly with the true �  2
 2                loss function, costalthough at the of more requiring

           complicated uncertainty sets to recover equivalence results. 
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                 robustification, versatilitysupporting the flexibility and of such an
       approach.  elastic One such example is the  net (De  De Mol,  Vito,

                     & Mosci, &Rosasco, 2009; Rosasco, Santoro, Verri, Villa, 2010; Zou
     & Hastie, 2005),  hybridized a version of ridge regression  theand

                     Lasso. An equivalent representation of the elastic net is as fol-

 lows:

 min
β

   � � y− Xβ  2  + λ�β�  1  + μ�β�  2  .

                   As per Theorem 2, this can be written exactly as

 min
β

 max
� �,

 �  :
 � ��  F  ∞≤λ

��  �  �  F  2
≤μ

           �y− + +(X � �  �
)β�  2  .

                   Under this interpretation, thatwe see λ and μ directly thecontrol

               tradeoff between “feature-two different perturbations:types of
                 wise” perturbations � (controlled thevia λ and F  ∞    norm) and

   “global” perturbations �  �          (controlled thevia μ and F  2  norm).

                 We conclude section withthis another example of when robus- 
             tification is equivalent to regularization for the case  (of LAD  �  1  )

         and maximum absolute (deviation �  ∞        ) regression under row-wise
 uncertainty.

                               Theorem 3 (Xu et al., 2010). Fix q ∈ [1, ∞] :and let U = {� �δ  i�  q ≤
     λ ∀ }i , where δ  i              is the ith row of � ∈ R  m n×    . Then

 min
β

 max
 �∈U

       � � y− +(X �)β  1    = min
β

   � � y− Xβ  1  +mλ� � β  q ∗

 and

 min
β

 max
 �∈U

       � � y− +(X �)β  ∞    = min
β

   � � y− Xβ  ∞  + λ�β�  q∗  .

                       For completeness, we note that the set :uncertainty U = {�
�δ  i�   q                        ≤ λ ∀i} considered in Theorem 3 is actually an induced un-

           certainty set, namely, U = U  (q∗  ,∞)  .

           2.4. Non-equivalence of robustification and regularization

                 In contrast to previous work studying robustification for regres-
                   sion, primarily solvingwhich addresses tractability of the new un-

                     certain problem (Ben-Tal et al., 2009) theor implications for Lasso
                     (Xu et al., 2010), we instead focus our attention on characterization

               of the equivalence between robustification and regularization. We

     begin  upper with a regularization  bound robustification on  prob-
 lems.

           Proposition 2. Let U ⊆ R  m n×                be any non-empty, compact set and g :

 R  m                        → R Ra seminorm hseminorm. Then there exists some :  n      → R so

           that for any z ∈ R  m      , β ∈ R  n  ,

 max
 �∈U

             g g h(z+ ≤�β) (z) + (β),

           with equality when z = 0.

         Proof. Let h : R  n          → R be defined as

     h(β) := max
 �∈U

 g( )�β .

                         To show that showh is a seminorm we must it satisfies abso-

               lute homogeneity and  trianglethe inequality. For any β ∈ R  n  and

     α ∈ R,

 h( ) αβ = max
 �∈U

     g( (� αβ)) = max
 �∈U

   | | | | α g(�β) = α
�

 max
 �∈U

 g( )�β
�

 = |α|h(β),

                   so absolute homogeneity is satisfied. Similarly, if β,γ ∈ R  n
 ,

         h(β + = γ ) max
 �∈U

           g( (� β + ≤γ )) max
 �∈U

�
     g g( )�β + ( ) �γ

�

≤
�

 max
 �∈U
g( ) �β

�
 +
�

 max
 �∈U

 g( ) �γ
�

 ,

                     and triangle is ishence the inequality satisfied. Therefore, h a

           seminorm  satisfieswhich the desired properties, completing the

 proof. �

When                    equality is attained for all pairs (z, β) ∈ R  m    × R  n      , we are

         in  and the theregime of  previous section, we say that robustifi-
             cation under equivalent  underU is  to regularization h. We now

       discuss a  settingsvariety of explicit  in which regularization only
                   provides upper lower robustified problem.and bounds to the true

                   Fix p , q ∈ [1, ].∞ Consider the robust �  p    regression problem

 min
β

 max
 �∈U  F  q

       � � y− +(X �)β  p  ,

 where U  F  q
       = ∈{� R  m n×    : ���  F  q                ≤ =λ}. the caseIn when p q we 
               saw  ( )earlier Theorem 2 that one exactly recovers �  p  regression

     with an �  p∗  penalty:

 min
β

 max
 �∈U  F  p

       � � y− +(X �)β  p    = min
β

   � � y− Xβ  p  + λ�β�   p∗  .

                         Let consider thatus now the case .when p q�= We claim regular-

                     ization equivalent robustification(with longerh) is no to (with U  F  q  )
                             unless p ∈ {1, }.∞ Applying Proposition 2, one has for any z ∈ R  m

 that

 max
 �∈U  F  q

   � � z+ �β  p  ≤ �z�  p    + h(β),

     where h = max  �∈U  F  q
 � ��β  p                    is is pre-a norm (when p q= , this

     cisely the �  p∗                  norm, .multiplied by λ). Here we can compute h To

                   do this first discrepancywe define a function as follows:

                       Definition 1. For a b, ∈ [1, define∞] the discrepancy function

δ  m      ( , )a b as

δ  m      ( )a b, := max{�u�  a        : u ∈ R  m  , �u�  b    = 1}.

   This discrepancy function is  and computable  well-known (see

         e.g. Horn & 2013Johnson, ):

δ  m      ( )a b, =

�
 m  1 1/a− /b          , if a b≤
         1, if a b> .

       It satisfies 1 ≤ δ  m          ( , )a b ≤ m and δ  m                ( , ) continuous .a b is in a and b

 One  that has δ  m      ( )a b, = δ  m                  ( )b a, = 1 if and only if a = b (so long
                         as 2).m ≥ Using proceedthis, we now with the theorem. The

                     proof applies analysis and is inbasic tools from real contained

   Appendix A.

   Theorem 4.

         (a) For any z ∈ R  m      and β ∈ R  n  ,

 max
 �∈U  F  q

   � � z+ �β  p  ≤ �z�   p  + λδ  m  ( )p q, �β�  q∗    . (3)

                           (b) When p ∈ {1, },∞ there is inequality (3) for all ( , )z β .

                                       (c) When p ∈ (1, ∞) ,and p q�= for any ofβ �= 0 the set z ∈ R  m

                       for which holds equalitythe inequality (3) at is a finite union

                     of as m Hence,one-dimensional subspaces (so long ≥ 2). for

                         any .β �= 0 the inequality in (3) is strict for almost all z

                     (d) For p ∈ (1, ∞), one has for all z ∈ R  m      and β ∈ R  n  that

� � z  p  +
λ

δ  m    ( )q p ,
� � β  q∗  ≤ max

 �∈U  F  q

   � � z+ �β  p    . (4)

                             (e) For p ∈ (1, ∞), the thelower bound in is in(4) best possible

                         sense that the gap can be small,arbitrarily i.e., anyfor β ∈
 R  n

 ,

 inf
 z

	
 max

 �∈U  F  q

   � � z+ �β  p  − �z�   p −
λ

δ  m    ( )q p ,
� � β  q∗



   = 0.
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 Theorem 4 characterizes precisely when robustification under
 U  F  q                is equivalent to regularization for the case of �  p    regression. In

                             particular, and (1,when p �= q p ∈ ∞), the equivalent,two are not
         and hasone only that

 min
β

   � � y− Xβ  p  +
λ

δ  m    ( )q p ,
� � β  q ∗    ≤ min

β
 max

 �∈U  F  q

       � � y− +(X �)β  p

   ≤ min
β

� � y−X β  p+λδ  m  ( )p q, �β�  q∗  .

           Further, we have shown that upper  lowerthese  and bounds are
                     the ( ,best possible Theorem 4 parts (c) and (e)). While �  p  regression

 with  set uncertainty  U  F  q            for p �= q and  (1,  has p ∈ ∞) still  both
                 upper lower (withand bounds which correspond to regularization

         different regularization parameters λ ∈  [λ δ/  m    ( )q p, , λδ  m    ( )p q,  ]  ), we 

                       emphasize that this longerin case there is no the direct connection
                 between the parameter garnering the ( )magnitude of uncertainty λ

           and the (parameter for regularization λ).

               Example 1. As a theconcrete example, consider implications of
                       Theorem 4 when p = 2 .and q = ∞ We have that

 min
β

   � � y− Xβ  2  + λ�β�  1  ≤ min
β

 max
 �∈U  F  ∞

       � � y− +(X �)β  p

 ≤ min
β

   � � y− Xβ  2  +
 √
mλ�β�  1  .

   In this case, robustification  equivalent  regularization. is not to  In

                       particular, in the regime where there are many data points (i.e. m
                     is large), problemsthe between thegap appearing different can be

   quite large.

                 Let us remark that lowerin general, bounds on

 max  �∈U                        g(z+ �β) will depend on the maystructure of U and not

                       exist (except for the trivial lower ))bound of g(z in some scenarios.

                               However, it is if and is ineasy to show that U is compact zero the
                       interior (0, thatof U , then there exists some  λ ∈ 1] so

 max
 �∈U

             g g h(z+ ≥�β) (z) + λ (β).

       Before proceeding with other choices of uncertainty sets, it is

                   important to make a about thefurther distinction general non-

               equivalence of robustification and regularization as presented in
   Theorem 4. In particular, it is simple to construct examples (see

                 Appendix B) the result:which imply following strong existential

                   Theorem 5. In a aresetting when robustification and regularization

                       not equivalent, problemsit is possible for the two to have different

       optimal solutions. In particular,

β
∗    ∈ argmin

β

 max
 �∈U

         g(y X− ( + �)β)

           is not necessarily a ofsolution

 min
β

       g(y X− β) +�λh(β) 

   for any�       λ >  , 0 and vice versa.

                   As a result, when robustification and regularization do not coin-

                 cide, can inducethey structurally distinct solutions. In other words, 

     the pathregularization  (as �         λ ∈ ( )0,∞ varies) and the robustifica-
                           tion path the )(as radius λ ∈ (0, ∞ of U varies) can be different.

                 We now in whichproceed analyzeto another setting robustifi-
                     cation is not equivalent regularization. Theto setting, within line

       Theorem 2, is �  p            regression spectralunder uncertainty sets Uσ  q    . As

           per hasTheorem 2, one that

 min
β

 max
 �∈Uσ  q

       � � y− +(X �)β  2    = min
β

   � � y− Xβ  2  + λ�β�  2

                             for any [1, ]. Thisq ∈ ∞ result on the “universality” of aRLS under

                   variety of onuncertainty sets relies the thefact that �  2    norm un-
                 derlies namely,spectral decompositions; one can matrixwrite any

   X as
�

 iμ  i  u  i  v
 �
 i    , where {μ  i  }  i              are the , {singular values of X u  i  }  i  and

 {v  i  }  i                      are the ,left and right singular vectors of X respectively, and

 �u  i�  2    = �v  i�  2          = 1 .for all i

                     A natural the lossquestion is what happens when function �  2    , a
           modeling choice, is replaced by �  p                , where p ∈ [1, ].∞ We claim that

             for p �∈ {1, },2, ∞ robustification under Uσ  q        is no longer equivalent
                         to toregularization. In light of Theorem 4 this is not difficult prove.

                           We find that the choice of q ∈ [1, ], as∞ before, is inconsequential.

           We summarize this proposition:in the following

             Proposition z3. For any ∈ R  m      and β ∈ R  n  ,

 max
 �∈Uσ  q

   � � z+ �β  p  ≤ �z�  p  + λδ  m  ( )p,2 �β�  2    . (5)

                               In particular, pif ∈ {1, },2, ∞ there is inequality (5) for all ( ,  )z β .

                                   If p �∈ {1, },2, ∞ then for forany β �= 0 the inequality in (5) is strict

                               almost Further,all z (when m ≥ 2). for p �∈ {1, 2, ∞} one has the lower

 bound

� � z  p  +
λ

δ  m  ( ) 2, p
� � β  2    ≤ max

 �∈Uσ  q

   � � z+ �β  p  ,

               whose gap smallis arbitrarily for all β.

                       Proof. This result is Theorem 4 in disguise. This follows by noting
 that

 max
 �∈Uσ  q

   � � z+ �β  p  = max
 �∈U  F  2

   � � z+ �β  p

           and directly theapplying preceding results. �

We              now consider a third setting for �  p    regression, this time

   subject to uncertainty U  ( )q r,          ;  a  thethis is generalized version of
     problems considered in  and Theorems 1 3 1 . From Theorem  we 

             know that if p = r, then

 min
β

 max
 �∈U  ( )q p,

       � � y− +(X �)β  p    = min
β

   � � y− Xβ  p  + λ�β�   q  .

                           Similarly, as whenper Theorem 3, r = ∞ and p ∈ {1, },∞

 min
β

 max
 �∈U  ( )q,∞

� � y− +(X �)β  p  =min
β

� � y−X β  p+λδ  m  ( )p,∞ �β�   q  .

                       Given these results, it is happensnatural to inquire what for more
       general choices induced of  uncertainty set U  ( )q r,    . As before with

                   Theorem 4, a complete the equivalencewe have characterization of
       of robustification and regularization for �  p    regression with uncer-

     tainty set U  ( )q r,  :

             Proposition z4. For any ∈ R  m      and β ∈ R  n  ,

 max
 �∈U  ( )q r,

   � � z+ �β  p  ≤ �z�   p  + λδ  m  ( )p r, �β�   q    . (6)

                                   In particular, pif ∈ {1, },r, ∞ there is inequality (5) for all ( , )z β . pIf

                                   ∈ (1, ∞) ,and p r�= then for any β �= 0 the inequality in (6) is strict

                                     for foralmost Further,all z (when m ≥ 2). p ∈ (1, ∞) with p r�= one

       has the lower bound

� � z  p  +
λ

δ  m  ( ) r p,
� � β  q    ≤ max

 �∈U  ( )q r,

   � � z+ �β  p  ,

               whose gap smallis arbitrarily for all β.

                     Proof. The proof follows the given theargument in proof of
                         Theorem 4. uses theHere we simply note that now one fact that

 max
 �∈U  ( )q r,

   � � z+ �β  p    = max
 � �u  r  ≤λ� �β  q

   � � z+ u  p  .

�

We                      summarize all of the results on linear regression in Table 2.
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   Table 2

   Summary  equivalencies  with of  for robustification  uncertainty set U and regular-

 ization with penal  ty              h h, where is as given in Proposition 2. Here by equivalence 

               we mean that for all z ∈ R  m and     β ∈ R  n  , max  �∈U g                  ( ) ( ) ( )z+ β = g z + h β , where g is

       the  the loss function, i.e., upper bound        h is also a lower bound. Here δ  m  is in as 

                       Theorem 4. ,Throughout p q ∈ [1, ∞] and 2.m ≥ Here δ  i        denotes the ith row of �. 

                 Loss function Uncertainty set U h(β) Equivalence if and

     seminorm g U  ( )h g,    (h norm)      λh(β) only if always 

 �  p  Uσ  q
λδ  m    ( ,p 2)  � �β  2        p ∈ {1, 2, ∞} 

 �  p  U  F  q
λδ  m    ( )p q, �β�  q∗        p ∈ {1, q, ∞} 

 �  p  U  ( )q r, λδ  m    ( , )p r  � �β  q        p ∈ {1, r, ∞} 

 �  p {   �: �δ  i  �  q ≤      λ λ∀i} m  1/p  � �β  q∗        p ∈ {1, ∞}

                 3. On the equivalence of robustification and regularization in

     matrix estimation problems

 A  the  modern substantial body of problems at  core of  devel-

         opments in statistical estimation involves underlying matrix vari- 

                   ables. Two prominent examples here arewhich we consider matrix
                 completion and Principal Component Analysis (PCA). In both cases

                     we show that problema thecommon choice of regularization cor-
                 responds exactly to a therobustification of nominal problem sub-

                     ject to uncertainty. In doing so thewe expand existing knowledge

       of robustification for vector regression  ato  novel and substantial
                 domain. beginWe by reviewing these classestwo problem before

                   introducing a model analogous thesimple of uncertainty to vector
     model of uncertainty.

     3.1. Problem classes

                 In matrix onecompletion problems is given data Y  i j      ∈ R for
                                         ( )i j,  ∈ E ⊆ {1, . . . , , . . . ,m} × {1 n}. One problem of interest is rank-

     constrained matrix completion

 min
 X

   � � Y− X
 P(F  2  )

         s t. . rank(X) ≤ k,
 (7)

      where � · �
 P(F  2  )

         denotes the 2projected −Frobenius seminorm,

 namely,

� � Z
 P(F  2  )

 =

�
�

   ( )i j, ∈E

 Z  2
 i j

�  1 2/

 .

                 Matrix completion aproblems appear in wide variety of areas.

                   One applicationwell-known is in the (Netflix challenge SIGKDD &

                   Netflix, 2007), preferenceswhere wishes predictone to user movie
   based on  of a  subset very limited  given user ratings. Here rank- 

                 constrained models parsimoniousare important in order to obtain
       descriptions of user preferences in terms of  ofa limited number 

                 significant rank-constrained problemlatent factors. The (7) is typ-

         ically converted to a  with  theregularized form rank replaced by
   nuclear norm σ  1                  (the singularsum of values) theto obtain convex

 problem

 min
 X

   � � Y− X
 P(F  2  )

 + λ�X� σ  1
 .

                     In what follows we show that this problemregularized can be

       written as an uncertain version of a nominal problem min  X  �Y−
X� 

 P(F  2  )
 .

                 Similarly to matrix completion, typicallyPCA takes the form

 min
 X

   � � Y− X

         s t. . rank(X) ≤ k,
 (8)

                 where � �· is either the normusual Frobenius F  2  = σ  2      or the opera-
   tor norm σ  ∞        , and Y ∈ R  m n×              . PCA arises naturally by assuming that

                   Y is observed as some low-rank matrix X plus .noise: Y X E= +
                     The well-knownsolution to (8) is to be a truncated singular value 

               decomposition which retains the (k largest singular values Eckart
                       & Young, 1936). popular applicationsPCA is for a variety of where

       dimension desired.reduction is
                       A (variant of PCA known as robust PCA Candès, Ma,Li, &

                   Wright, 2011) theoperates under assumption that some entries of

                 Y may grossly be  corrupted. Robust PCA assumes that Y X E= + ,

                         where X is and is (fewlow rank E sparse nonzero entries). Under

             this model therobust PCA takes form

 min
 X

   � � Y− X  F  1  + λ�X� σ  1    . (9)

           Here again interpretwe can �X�σ  1
           as a surrogate penalty for rank.

     In the spirit of results from compressed sensing on exact �  1  re-
                         covery, it is inshown Candès et al. (2011) that (9) can exactly re-

       cover the true X  0    and E  0            assuming that the rank of X  0      is small, E  0

               is andsufficiently sparse, the eigenvectors of X  0    are well-behaved
           (see therein). Belowtechnical conditions contained we derive ex-

           plicit expressions for PCA subject types to certain of uncertainty;
         in not doing  show thatso we  robust PCA does correspond to an

     adversarially minrobust version of  X    � � Y− X σ  ∞    or min  X    � � Y− X  F  2

             for any model additiveof linear uncertainty.
                     Finally herelet thatus note the results we consider on robust

         PCA are distinct from considerations in the robust statistics com-
                   munity on robust approaches to PCA. For results and commen-

         tary on such methods, see Croux and Ruiz-Gazen (2005), Hubert,

       Rousseeuw, Aelst, and den Branden (2005), Salibian-Barrera,  and
           Willems (2005) al. (2008), Hubert et .

       3.2. Models of uncertainty

                       For these classestwo problem we now detail a model uncer-of
                 tainty. Our ofunderlying problem is the form min  X      � �Y− X , where

                       Y is given with unknown with thedata (possibly some entries). As

                 vector case,  do we not inconcern ourselves with uncertainty the
         observed Y because modeling  simply leads uncertainty in Y to a

                     different choice of loss function. To be precise, if V ⊆ R  m n×    and g

         is convex loss function then

ḡ          (Y− X) := max
 �∈V

       g((Y X+ −�) ) 

           is newa convex loss function ḡ        of Y− X.

                       As in the case assume a modelvector we linear of uncertainty

         in the :measurement of X

 Y  i j    = X  i j  +

�
�

 �k

�
 (i j)

 �k
 X  �k

�
 + �  i j  ,

 where �
 (i j)    ∈ R  m n×          ; alternatively, product in inner  notation, Y  i j  =

 X  i j  + ��  (i j)
   ,X� + �  i j                    . model direct with theThis linear is in analogy

                     model regression ,for vector taken earlier; now β is replaced by X

                   and again linear perturbationswe consider of the unknown regres-
   sion variable.

                 This linear model captures aof uncertainty variety of possible
                 forms of uncertainty and accounts for possible interactions among

                       different entries matrix matrixof the X. Note that in notation, the

                 nominal problem becomes, subject ,to linear uncertainty in X

 min
 X

 max
 �∈U

         � �Y− −X �(X) ,

                             where here linear mapsU is some collection of and is� ∈ U de-
     fined as [ ]�(X)  i j  = ��  (i j)

       , ,X� where again �
 (i j)    ∈ R  m n×    (all linear

                         maps herecan writtenbe in such a form). Note the direct analogy
   to the  with the vector case,  notation  simplicity.�( ) X chosen for 

                         (For clarity, a althoughnote that � is not itself matrix, one could

             interpret asit a matrix in R      mn mn×              , aalbeit at notational cost; we
     avoid this here.)

           We now  particularoutline some  choices for uncertainty sets.
                       As with the natural setvector case, one is an induced uncertainty
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         set. Precisely, if g,h : R  m n×        → R are functions, then we define an
     induced uncertainty set

 U  ( )h g,  :=
�

   �:R  m n×  →R  m n×        |� linear, g(�(X))≤λh(X) ∀X∈R
 m n×
�

 .

                   As before, when areg and h both norms, U  ( )h g,        is precisely a ball

           of radius λ in the norminduced

� � �  ( )h g,    = max
 X

 g( (� X))

 h(X)
 .

                   There many possibleare also other choices of uncertainty sets.
           These include the spectral uncertainty sets

 Uσ  p        = {� : R
 m n×    → R  m n×  |� linear, ��� σ  p    ≤ λ},

       where interpretwe ���σ  p    as the σ  p            norm of � in any, and hence

                   all, representations.of its matrix Other uncertainty sets are those
           such as U = {� : �

 (i j)    ∈ U  (i j)      }, where U
 (i j)    ⊆ R  m n×    are themselves

             uncertainty sets. These  modelslast two  we will examine not in

                     depth here because they theare often subsumed by vector results
                       (note not involvethat these dotwo uncertainty sets truly the ma-

                     trix can “vectorized”, reducingstructure of X, and therefore be di-
       rectly to vector results).

         3.3. Basic results on equivalence

                   We now continue with theorems mod-some underlying for our

                       els firstof uncertainty. As a step, we provide a proposition on
                     the spectral uncertainty sets. As noted above, this result is exactly

   Theorem 2, and therefore we will not consider such uncertainty
             sets for the theremainder of paper.

                       Proposition 5. For any q ∈ [1, ∞] and any Y ∈ R  m n×  ,

 min
 X

 max
 �∈Uσ  q

       � � Y− −X �(X)  F  2
   = min

 X

   � � Y− X  F  2  + λ�X�  F  2  .

       For what follows, we restrict our attention  uncer-to induced 
                   tainty sets. We begin with analogousan result to Theorem 1. The

                   proof concise.is andsimilar therefore kept Throughout we always

               assume without loss of generality that if Y  ij        is not known then
 Y  i j                    = 0 set(i.e., we it to some arbitrary value).

           Theorem 6. If g : R  m n×                  → R is a seminorm indenticallywhich is not

         zero and h : R  m n×            → R is a norm, then

 min
 X

 max
 �∈U  ( )h g,

 g(         Y X X− − �( ) )     = min
 X

 g(       Y X− )     + λh(   X)  .

             This antheorem leads to immediate corollary:

                 Corollary 2. For any norm � · � : R  m n×                → ∈R and any p [1, ∞]

 min
 X

 max
 �∈U(σ  p  ,� �· )

             � �Y− −X �(X) = min
 X

     � � � � Y− X + λ X σ  p
 .

                   In the thetwo sections which follow we study implications of
             Theorem 6 for matrix completion and PCA.

       3.4. Robust matrix completion

                       We now proceed to apply Theorem 6 for the case of matrix
         completion.  projected Frobenius Note that the “norm” P(F  2    )  ais

               seminorm. Therefore, we arrive at the corollary:following

                     Corollary 3. For any p ∈ [1, ∞] one has that

 min
 X

 max
 �∈U
(σ  p  ,P(F  2  ))

� � Y− −X �(X)
 P(F  2  )

   = min
 X

� � Y−X 
 P(F  2  )

 + λ�X� σ  p  .

                     In particular, pfor = 1 one exactly recovers so-called nuclear norm

     penalized matrix completion:

 min
 X

   � � Y− X
 P(F  2  )

 + λ�X� σ  1
 .

                     It is not difficult to show by modifying proofthe of
           Theorem 6 that even though U(σ  p  ,F  2  )  � U

(σ  p  ,P(F  2  ))
     , the following

 holds:

                     Proposition 6. For any p ∈ [1, ∞] one has that

 min
 X

 max
 �∈U(σ  p  ,F  2  )

       � � Y− −X �(X)
 P(F  2  )

   = min
 X

   � � Y− X
 P(F  2  )

 + λ�X� σ  p  .

                     In particular, pfor = 1 one exactly recovers nuclear norm penalized

   matrix completion.

                     Let comment nuclearus briefly on ofthe appearance the norm
                   in  and  it is notCorollary 3 Proposition 6 1. In light of Remark ,

                   surprising that penaltysuch a can be derived by working directly

       with the  norm  therank function (nuclear is  convex  ofenvelope 
       the  the :rank function on  ball {X �X�σ  ∞        ≤ 1}, which is why the

                   nuclear typicallynorm is used to replace rank (Fazel, 2002; Recht 
                           et al., 2010). this argumentWe detail as before. For any [1,p ∈ ∞]

         and � = {X ∈ R  m n×  : �X� σ  p            ≤ 1}, one can show that

 U
(σ  1  ,P(F  2  ))

 =

�
    � linear : max

X∈�

� � �(X)
 P(F  2  )

rank(X) 
 ≤ λ

�
   . (10)

                   Therefore, similar underlyingto the case withvector an �  0  penalty
         which becomes a Lasso �  1              penalty, leadsrank to the normnuclear

             from the without directlyrobustification setting invoking convex-
 ity.

     3.5. Robust PCA

                       We now turn ofour attention theto implications Theorem 6 for

               PCA. We begin minby noting robust analogues of  X      � � Y− X under
   the F  2  and σ  ∞          norms. the This is distinct from considerations in

                       Caramanis et al. (2011) on ofrobustness PCA with respect to train-
       ing and testing sets.

                     Corollary 4. For any p ∈ [1, ∞] one has that

 min
 X

 max
 �∈U(σ  p  ,F  2  )

       � � Y− −X �(X)  F  2    = min
 X

   � � Y− X  F  2
 + λ�X� σ  p

 and

 min
 X

 max
 �∈U(σ  p ,σ  ∞  )

       � � Y− −X �(X) σ  ∞    = min
 X

   � � Y− X σ  ∞  + λ�X� σ  p  .

                 We continue by considering robust PCA as presented in Candès

                           et al. (2011). collection :Suppose that U is some of linear maps �
 R  m n×    → R  m n×                        and is� � · some norm so that for any Y X, ∈ R  m n×

 max
 �∈U

             � � � � Y− −X �(X) =  Y−X  F  1  + λ�X� σ  1
 .

                          It is implieseasy seeto that this � · � = � · �  F  1
     . These observations,

             combined with , theTheorem 6 imply following:

                       Proposition 7. The problem (9) can be written as an uncertain ver-

     sion of min  X                      � �Y− X subject to additive, linear uncertainty in X if

                 and only if is� �· the 1-Frobenius norm F  1          . particular,In (9) does

                 not uncertainarise as versions of FPCA (using  2  or σ  ∞        ) aunder such

     model of uncertainty.

                     This Thisresult is not entirely surprising. is because robust PCA

                             attempts to solve, based low-on ofits model Y = X+ E where X is
                   rank and isE sparse, problema of the form

 min
 X

   � � Y− X  F  0      + λ rank(X),

   where �A�  F  0
               is the  .  thenumber of nonzero entries of A In usual

   way, F  0              and rank are replaced with surrogates F  1  and σ  1    , respec-
                     tively. convex,Hence, (9) appears as a regularized form of the

 problem

 min
 X

   � � Y− X  F  1

         s t. . rank(X) ≤ k.
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     Again, as with matrix completion, it is possible to show that
       (9) and uncertain forms of PCA with a normnuclear  penalty (as

                     appearing in Corollary 4) derived thecan be using true choice of
                       penalizer, imposing anrank, instead of a priori assumption of a nu-

                 clear summarize this, proof,norm penalty. We  without as follows:

                       Proposition 8. For any p ∈ [1, ∞] ,and any norm � �·

 min
X∈�

 max
 �∈U  �(rank,� �· )

           � �Y− −X �(X) = min
X∈�

     � � � � Y− X + λ X σ  1
 ,

           where � = {X ∈ R  m n×  : �X� σ  p    ≤ 1} and

 U  �(rank,� �· )  =

�
    � linear : max

X∈�

� � �(X)

rank(X) 
 ≤ λ

�
 .

           3.6. Non-equivalence of robustification and regularization

                       As with regressionvector it is not always the case that robus-
                 tification is equivalent matrixto regularization in estimation prob-

         lems.  completeness  analogues For we provide  here linearof the 
           regression results. We begin by stating results which follow over

   with essentially identical proofs from the vector case; proofs are

       not included here. Then characterize preciselywe when another
             plausible model of uncertainty leads to equivalence.

             We begin with the .analogue of Proposition 2

                 Proposition 9. Let U ⊆ {linear maps � : R  m n×    → R  m n×      } be any

             non-empty, compact set and g : R  m n×            → R a seminorm. Then there

           exists some seminorm h : R  m n×                  → ∈ R so that for any Z X, R  m n×  ,

 max
 �∈U

             g g h(Z X+ �( )) ≤ (Z) + (X),

           with equality when Z = 0.

       As before with Theorem 4 and Propositions 3  4and  , one can

               now compute h for a variety of problems.

               Proposition Z X10. For any , ∈ R  m n×  ,

� � Z  F  p
 +

λ

δ  mn    ( )q p ,
� � X  F  q∗  ≤ max

 �∈U  F  q

   � � Z+ �(X)  F  p
 (11)

 ≤ �Z�  F  p  + λδ  mn  ( )p q, �X�   F  q∗
 (12)

   where ���  F  q          is interpreted as Fthe  q          norm on the matrix representa-

                                 tion basis.of � in the standard In particular, p q pif �= and ∈ (1, ∞),

                                 then for any X 0�= the upper bound in (12) is strict for almost all Z

                                     (so long as mn ≥ 2). Further, when p q p�= and ∈ (1, ∞), the gap in

                     the lower bound in (11) is arbitrarily .small for all X

               Proposition Z X11. For any , ∈ R  m n×  ,

� � Z  p  +
λ

δ  mn  ( ) 2, p
� � X  F  2    ≤ max

 �∈Uσ  q

   � � Z+ �(X)  F  p
 (13)

 ≤ �Z�  F  p
 + λδ  mn  ( )p,2 �X�  F  2    . (14)

                               In particular, pif �∈ {1, },2, ∞ then for all X �= 0 the upper bound

                               in (14) is strict for almost Further,all longZ (so as mn ≥ 2). if

                             p �∈ {1, },2, ∞ the thegap in lower bound in (13) is arbitrarily small

     for all X.

                 We now turn our attention to non-equivalencies which may
                   arise under modelsdifferent of ofuncertainty instead the general

               matrix model of linear uncertainty which we have included here,

 where

 [ ]�(X)  i j  =
�

 �k

�
 (i j)

 �k
 X  �k  = ��  (i j)

   , ,X�

with �
 (i j)    ∈ R  m n×        . Another  oneplausible model of uncertainty is 

                     for which the ( )jth column of � X  only depends on X  j        , the jth col-
         umn of X (or, for example, with columns replaced by rows). We

   Table 3

                     Summary equivalencies withof for robustification uncertainty set U and regulariza-

   tion with penal  ty                          h h, where is as given in Proposition 9. Here by equivalence we

             mean that for all Z,X ∈ R  m n×  , max   �∈U g                    ( ) ( ) ( )Z X+ = g Z  + h X , where g is the loss 

       function, i.e., the upper bound               h is also a lower bound. Here δ  mn          is inas Theorem 4.

                 Throughout p, q ∈ [1, ∞] and 2.mn ≥

               Loss function Uncertainty set h(X) Equivalence if and

     seminorm g U  ( )h g,    (h norm)      λh(X) only if always 

 F  p  Uσ  q
λδ  mn    ( )p,2 �X�  F  2

       p ∈ {1, 2, ∞} 

 F  p  U  F  q
λδ  mn    ( )p q, �X�  F  q∗

       p ∈ {1, q, ∞} 

 F  p            U in (15) (16) (p = q  j    ∀ j) or
with �

   ( )j    ∈ U  F  q
 j

       p ∈ {1, ∞}

                         now now haveexamine such a model. In this setup, we n matrices

�
   ( )j    ∈ R  m m×                        and we define linearthe map that� so the jth col-

         umn of �(X) ∈ R  m n×
     , denoted [ (� X)]  j      , [ (is � X)]  j  := �  ( )j

 X  j    , which
           is simply matrix multiplication.vector Therefore,

   �( )X =
�
�

 ( )1
 X  1  · · · �

 ( )n
 X  n

�
   . (15)

                       For an whereexample of such ofa model uncertainty may arise,

                     we consider matrix completion the thein context of Netflix prob-
   lem.  oneIf  treats X  j      as user  a modelj’s true ratings, then such 

         addresses uncertainty within a given user’s ratings, while not al-

                   lowing Thisuncertainty to have cross-user effects. model uncer-of
                     tainty does matrixnot rely on true structure and therefore reduces

           to earlier results on non-equivalence  regression. in vector  As an
         example of such a reduction,  thewe state  following proposition

 characterizing equivalence.  modification Again, this is a direct  of

                   Theorem 4 and notthe proof we do include here.

                   Proposition 12. For the model of uncertainty in (15) with �    ( )j  ∈
 U  F  q  j

                     for j n q= 1, . . . , , where  j                ∈ [1, ],∞ one has for the problem

 min
 X

 max
 �∈U

         � �Y− −X �(X)  F  p          that h defined asis

 h(X) = λ

� 
�

 j

δ  p
 m    (p q,  j  )�X  j�  p q∗

j 

�  1/p

   . (16)

                   Further, under such modela of uncertainty, robustification is equiva-

                               lent andto regularization with h if only if p ∈ {1, ∞} or p q=  j    for all

               j n.= 1, . . . ,

                       While the case regression aof matrix offers large variety of pos-

                     sible models of uncertainty, we see again as with regressionvector
                   that this leads robustifica-variety inevitably to scenarios in which

                 tion is no longer directly equivalent regularization.to We summa-

                 rize conclusionsthe of this section in Table 3.

 4.  Conclusion

           In this work we have considered  robustificationthe of a vari- 

                   ety of problems from classical and modern regressionstatistical as
                   subject to data uncertainty. We have taken care to emphasize that

                       there process robustificationis fine linea between this of and the

 usual process  regularization, of  and  not that the two are  always
         directly equivalent. While deepening this understanding we have

                 also domains, matrixextended this connection to new such as in
       completion and PCA. In doing so, we have shown that the usual

   regularization approaches to modern  regressionstatistical  do not

                 always an approachcoincide with adversarial motivated by robust
 optimization.
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   Appendix A.

   This appendix contains proofs and additional technical results
                       for the regression setting.vector We prove our results in the vector

         setting,  the  afrom which primary results on matrices follow as 

   direct corollary.

       Proof of Theorem 4.

                   (a)  provingWe begin by the upper bound. Here we proceed

                 by showing abovethat h is precisely h(β) = λδ  m    ( )p q, �β�  q∗  .

             Now observe that for any � ∈ U  F  q
 ,

� � �β  p ≤ δ  m  ( )p q, ��β�   q  ≤ δ  m  ( )p q, ���  F  q
� � β  q ∗

≤ δ  m  ( )p q, λ� � β  q∗    . (17)

                   The dis-first inequality definitionfollows by the of the
   crepancy function δ  m            . secondThe inequality follows from

         a well-known matrix inequality: ��β�  q    ≤ � ��  F  q  � �β  q∗  (this
               follows from a Hölder’ssimple application of inequality).

                       Now observe thethat in chain of inequalities in (17), if one

       takes any u ∈ argmax δ  m            ( ) p q, and any v ∈ argmax  � �v  q  =1  v  �  β,

 then �   � := λuv  �    ∈ U  F  q  and ��  �β�  p  = δ  m    ( )p q, λ� �β  q∗  . Hence,

 h(β) = δ  m    ( )p q, λ� �β  q∗            . theThis proves upper bound.

                     (b)  now We prove that for p ∈ {1, ∞} equalitythat one has

           for all (z,β) ∈ R  m    × R  n              . This follows an argument similar to
                   that needed whenfor Theorem 6. the caseFirst consider

           p = ∈ 1. Fix z R  m            . Again let u ∈ argmax δ  m          ( )1,q and v ∈
 argmax  � �v  q  =1  v  �                β. loss may assumeWithout of generality we

   that sign(z  i    ) (= sign u  i                          ) for i = 1, . . . ,m (one may thechange

             sign entriesof  of u and it is instill  argmax δ  m      ( )1,q ). Then
     again we have �   � := λuv  �    ∈ U  F  q  and

   �z+ ��β�   1      =  +�z λuv  �β�  1      = +�z λ�β�  q ∗u�  1
= �z�  1+λ� � β  q∗ � � u  1 =�z�  1+λ� � β  q∗δ  m    ( )1, q .

                 Hence,  upper one has  inequality  the bound for p = 1, as
 claimed.

                         We now turn our attention the case .to p = ∞ Note that

δ  m      ( )∞,q = 1 because �z�  ∞    ≤ �z �  q        for all z ∈ R  m      . Fix z ∈
 R  m              , and again let v ∈ argmax  � �v  q  =1  v  �                  β. 1Let � ∈ { , . . . ,m} so
   that |z  �  | � � =  z  ∞        . Define u = sign(z  �  )e  �    ∈ R  m    , where e  �    is the
                       vector whose only position.nonzero entry is ina 1 the �th

     Now observe that �   � := λuv  �    ∈ U  F  q  and

   �z+ ��β�   ∞      =  +�z sign(z  � )λ� � β  q∗  e  ��   ∞

= �z�   ∞  + λ�β�   q∗  �e  ��   ∞  = �z�   ∞  + λ�β�   q∗  ,

                   which proves inequality (3), as was to be shown.
                       (c) To proceed, we examine wherethe case p ∈ (1, and∞) con-

         sider  inequality for which ( , ) the z β in  is(3)  strict. Fix β
                 �= ∈0 . For p (1,  and∞) y, z ∈ R  m      , one has by Minkowski’s

         inequality that �y+ z�  p  = �y�   p  + �z�  p            if and ifonly one of

                       y zor is a non-negative multiplescalar of the other. To
                       have in itequality (3), must be that there exists some � ∈
 argmax  �∈U  F  q

 � ��β  p    for which �z+ �β�   p    = �z �  p    + � ��β  p  .

                   For any z �= 0 this combinedobservation, with Minkowski’s

     inequality, thatimplies

� � �  F  q                  =  =  ≥λ, �β μz for some μ 0, and

� � �β  p = λδ  m  ( )p q, �β�  q∗  .

                 The equalitiesfirst and last imply that �β ∈
 λ� �β  q∗  argmax δ  m          ( )p q, . Note that argmax δ  m        ( )p q, is fi-

                           nite andwhenever p �= q m ≥ 2, a geometric property of �  p

                         balls. Hence, taking scalarany z which is not a multiple of a

   point in argmax δ  m        ( )p q, implies by Minkowski’s inequality
 that

 max
 �∈U  F  q

   � � z+ �β  p  < �z�   p  + λδ  m  ( )p q, �β�   q∗  .

                             Hence, for any allβ �= 0, the inequality in (3) is strict for z

                   not in finitea union subspaces,of one-dimensional so long

                       as p ∈ (1, and∞), p �= q, m ≥ 2.

                           (d) We now prove the lower bound then therein (4). If z 0= is
                           nothing to show, and therefore we assume .z 0�= Let v ∈ R  n

   so that

     v ∈ argmax  � �v  q  =1  v
 �  β.

   Hence v  �      β β= � �  q∗          by the the  norm.definition of dual De-

 fine �   � = λ
 � �z  q

 zv  �      . Observe that �   � ∈ U  F  q        . Further, note that

� � z  q  ≤ δ  m  ( , )q p  �z�   p      by definition of δ  m    and therefore

1/δ  m        ( , )q p ≤ �z�  p /�z�   q        . Putting things together,

� � z  p  +
λ� � β  q∗

δ  m    ( )q p ,
 ≤ �z �   p  +

λ� � z  p� � β  q∗

� � z  q

= �z�   p

	
   1+

λ� � β  q∗

� � z  q



     = +�z ��β�   p

   ≤ max
 �∈U  F  q

   � � z+ �β  p  .

               This completes proof bound.the of the lower

                       (e) To conclude we prove that arbi-the gap in (4) can be made
                     trarily small for p ∈ (1, in∞). proceedWe  several steps. We 

                 first prove that thatfor any z �= 0

 lim
 α→∞

	
 max

 �∈U  F  q

   � � αz + �β  p  − �αz�   p



 =
λ� � β  q ∗  �zp−1 �  q∗

� � z
p−1 
 p

 ,

 (18)

   where we use the shorthand z p−1   to denote the vector in

 R  m          whose ith entry is |z  i | p−1      . Observe that

 max
 �∈U  F  q

   � � αz + �β  p    = max
 � �u  q  ≤λ� �β  q∗

   � � αz u+  p  .

                     It is easy argueto that we may assume without any

       loss of generality that u ∈ argmax  � �u  q  ≤λ� �β  q∗
     � �αz u+  p  has

 sign(u  i    ) (= sign αz  i    ), where

   sign(a) =

�
       1 0, a ≥

       −1 0, <a .

                           Therefore, we restrict our attention , ,to z 0≥ z 0�= and u ≥
0              . For any u such that �u�  q    ≤ λ� �β  q∗          and noteu ≥ 0, that

 lim
 α→∞

   � � αz u+  p  − �αz�   p    = lim
 α→∞

   � � z+ u/α  p  − �z�   p
1/α

   = lim
 ᾱ→0  +

   �z+ ᾱu�   p  − �z�   p
ᾱ

 =
 d

 dᾱ

����
 ᾱ=0

   �z+ ᾱu�   p  =
 u  �  zp−1 

� � z
p−1 
 p

 .

                       We can now inproceed claimto finish the (18) (still restrict-

                     ing attention  without loss theto z 0≥ of generality). By
                         above any anyarguments, for u ≥ 0 and � > 0 there exists 

                           some α̂ = α̂(u) > 0 sufficiently large so that for all α > α̂,
�����    αz + u�   p  − �αz�   p −

u 
 �  zp−1 

� � z
p−1 
 p

����    ≤ �.

                           It remains anyto be shown that for � > 0 there exists some
             α̂ so that for all α > α̂,

����

	
 max

 � �u  q  ≤λ� �β  q∗
   � � αz u+  p  − �αz�   p




−

	
 max

 � �u  q  ≤λ� �β  q∗

 u  �  zp−1 

� � z
p−1 
 p


����    ≤ �.



                         D. Bertsimas, M.S. Copenhaver European Research (2018)/ Journal of Operational 270 931–942 941 

                     We prove this as pointsfollows. Let � > 0. Choose
 {u  1           , . . . , u  M    } ⊆ R  m

 with �u  j�   q    = λ�β�  q∗          ∀ j so that for any
   u ∈ R  m  with �u�  q    = λ�β�  q∗              , there exists some j so that
     �u− u  j�   p          ≤ �/ �3 (note that our choice of  p  here is inten-

             tional). Now observe that for any α,

 max
 j

     �αz u+  j�   p    ≤ max
 � �u  q  ≤λ� �β  q∗

   � � αz u+  p

   ≤ max
 j

	
 max

 �u−u  j  �  p  ≤�/3
   � � αz u+  p




 = max
 j

	
 max

 �ū  �  p  ≤�/3
     �αz u+  j  + ū�   p




   ≤ max
 j

	
 max

 �ū  �  p  ≤�/3
     �αz u+  j�   p  + � ̄u�  p




     =  +�/3 max
 j

     �αz u+  j�  p  .

       Similarly, one has for z̄  = z p−1 /�z� p−1  p    that max|  j  u  �
 j
z̄ 

 −max  � �u  q  ≤λ� �β  q∗
 u  �z̄              | ≤ �/3. (This uses the fact that

� ̄z�   p∗              = 1 ˆ.) Now for each j choose α  j        so that for all

   α > α̂  j  ,

���      αz + u  j�   p  − �αz�  p    − u
 �
 jz̄ 
��    ≤ �/ .3

       Define α̂ = max  j α̂  j              . observe theNow that by combining
                   above anytwo observations, one has for α > α̂ that

����

	
 max

 � �u  q  ≤λ� �β  q∗
   � � αz u+  p  − �αz�   p

�
−

	
 max

 � �u  q  ≤λ� �β  q∗
 u
 �
z̄ 


����

     ≤ +2 3�/

����

	
 max

 j
     �αz u+  j�   p  − �αz�  p



−

�
 max

 �
 u
 �
 �z̄ 

�����

       ≤ +2 3�/ max
 j

���      αz + u  j�   p  − �αz�   p    − u
 �
 jz̄ 
��

           ≤ + =2 3�/ �/3 �.

     Noting that max  � �u  q  ≤λ� �β  q∗
 u  �z̄ = λ�β�   q∗ � ̄z�  q∗    concludes the

           proof of (18). We now claim that

 min
 z

 �zp−1 �  q ∗

� � z
p−1 
 p

 =
 1

δ  m    ( )q p ,
   . (19)

     First note that

 min
 z

 �zp−1 �  q ∗

� � z
p−1 
 p

   = min
  ̃z

�  z̃�  q∗

�  z̃�  p∗
   . (20)

             We prove this letas follows: given ,z  ˜    z z=  p−1      . Then one

       can show that �  z̃�   p∗/�z� p−1  p          = 1 so, and �  z̃�   p∗ /�  z̃�  q∗  =

� � z
p−1 
 p  /�zp−1 �   q∗              . The converse is similar, proving (20).

     Finally, note that

 min
  ̃z

�  z̃�  q∗

�  z̃�   p∗
 =

 1

δ  m  (p∗    ,q∗ ) 

                 which analysisfollows from an elementary using the defini-

   tion of δ  m            . with the observationCombined that δ  m  (p ∗    ,q∗    ) =
δ  m                    ( )q p, , which follows by a simply duality argument (or

                   by inspecting the formula), we have that (19) is proven. To
     finish the argument, pick any z ∈ argmin  z

 �zp−1 �   q∗/�z� p−1  p  .

     Per (19), �z p−1 �   q∗ /�z� p−1  p  = 1/δ  m          ( )q p, . Hence, now applying

                           (18), given 0, 0 enoughany � > there exists some α > large
   so that����

	
 max

 �∈U  F  q

   � � αz + �β  p



−

	
�αz�   p  +

λ

δ  m    ( )q p ,
� � β  q∗


����    ≤ �.

           Therefore, the  thegap in  lower bound in (4) can be made

             arbitrarily small for any β ∈ R  n          . concludes theThis proof. �

   Appendix B.

     This  an appendix includes  example of  of choice  loss function
         and which (a)  is not uncertainty set under regularization  equiva-

   lent to robustification  there in  and (b) general  exist problem in-

               stances for which andthe pathregularization  robustification path
                         are different. The setting sim-example we give theis in vector for

               plicity, although the generalization to matrices is obvious.
                         In particular, and andlet m = 2 n = 2, consider U = U  ( )1 1,  and

     loss function �  2        , with y =

	
 1
 2



     and X =

	
   1 1−
   0 1



     . In sym-

           bols, the problem of interest is

 min
β

 max
 �∈U  ( )1 1,

       � � y− +(X �)β  2    . (B.1)

                   For fixed β, the objective can be rewritten exactly as

 max
 �∈U  ( )1 1,

       � � y− +(X �)β  2

   = max
 u:

 � �u  1  ≤λ� �β  1

       � � y− Xβ + u  2

   = max

�



      y X− β ±

	
λ�β�   1

 0







 2

 ,





      y X− β ±

	
 0

λ� � β  1







 2

�

   = max

�



  y−

	
   X+

	
 ± ±λ λ
   0 0




β






 2

 , �   y

−

	
   X+

	
   0 0

   ± ±λ λ




β






 2

�

   = max
 S∈S

       � � y− +(X S)β  2  ,

               where eightS is the set of matrices�	
 ± ±λ λ
   0 0



 ,

	
   0 0
 ± ±λ λ


�
           . The first step follows by

     inspecting  definition the of U  ( )1 1,            ; the second step follows from

             the convexity of �y− Xβ + u�  2          (in particular, the maximum of

                       the { :convex function is attained at an extreme point of u �u�  1 ≤
 λ� �β  1                }); from and the third step follows the thedefinition of �  1

             norm. the Hence, objective is the maximum of eight modified �  2

 losses.

                 Let considerus λ = 1 2./ We claim ttha β
∗

         = (1 1 optimal, ) is an

         solution to (B.1) with objective value 
 √
       5. We will argue that β∗  is

                     optimal a with the objec-by exhibiting dual feasible solution same

                         tive value. easy see dual bounding)It is to that the (lower problem

 is

 max
 μ∈R  S  :

 �
 Sμ  S  = ≥1μ 0

 min
β

�

 S

μ  S        � � y− +(X S)β  2  ,

         where are eightthere variables {μ  S                  : S ∈ S}, one for each S ∈
                     S. theNote that weak duality of two problems immediate.is

 Let μ∗            be the withdual feasible point μ  S          = 0 except for S  1  =	
   0 0

   − −1 2/ 1 2/



       , where we set μ  S  1

           = 1. aHence, lower bound

     to (B.1) is

 min
β

�

 S

μ∗
S 

       � � y− +(X S)β  2    = min
β

         �y− +(X S  1 )β�  2  =
 √

 5.

                     The final step follows by calculus, using that X S+  1  =	
   1 1−
   − 1 21/2 /



       . It follows that β

∗
       = (1 1, ) (with objective

value 
 √
               5) optimalmust be to (B.1), as claimed.

             We now inturn  of our attention  the central to  point interest

       this namely, thatAppendix, β∗
               = (1 1 a, ) is not solution to the cor-

       responding regularization problem, viz.

 min
β

   � � y− Xβ  2  + ρ�β�   1    , (B.2)
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                         for any ρ ∈ (0, ).∞) (c.f. Proposition 4 The solution path of
                   (B.2) ranging proximalover ρ is immediate from the (soft-

               thresholding) analysis  particular, it isof the Lasso. In the set of

                     points This{(3 , 2α α): α ∈ [0, 1]}. set does not contain β∗
   = (1 1, ),

               and nothence problemthe regularization  does solve the robusti-

         fication problem (B.1) with 1 2 λ = / for any corresponding choice
                           of on suchρ. (If one does not wish to rely an analy-indirect

                       sis, one can equivalentnote that solve the problem to (B.2) of
 minβ      � �y− Xβ  2

 2    + μ�β�  1                  , ranging over μ ∈ ∞(0, ). The objec-

           tive is differentiable at pointthe β∗
           = (1 1 the, ), and derivative is

             ( )− +2 μ μ,0+ . As this is never (0, 0), β∗    can never be optimal

         to this problem, and never consequently can  be optimal .to (B.2)
                   Despite analysis,the directmore the conclusion theis same.)

       To show the converse,  the we can use same example. In par-

                     ticular, theconsider solution (3/2, 1) to (B.2) (the choice of ρ for
                     which is isthis optimal irrelevant for our purposes). We must

                             show that (3/2, 1) is never a solution to (B.1) for any choice of λ.
                 Let us first inspect het objective of (B.1) for β

∗
         = (3 2 1 ./ , ) It can be

     computed to be
�

         1 4 1 5 2/ + ( + λ/ )  2        . We make two observations:

         (1) For any 0 ≤ λ < ( 
 √
                 19+ 2 the)/15, point (3, 2) has strictly

 smaller objective (nam , ely 5λ) han t β∗ ,  so and  β∗  is not op-
         timal to (B.1) whenever λ <   (

 √
         19+ 2 0 .)/15 ≈ .424

       (2) Similarly, anyfor λ > ( 
 √
                 31− 2)/9 the, point (1, has1) strictly

     smaller objective (namely,
�
4λ  2        + 4λ + )2 than β∗    , soand  β∗

             is not optimal to (B.1) whenever λ > ( 
 √
       31− 2)/9 0 .≈  .396

       Because the [intervals (
 √
           19+ 2)/15, ∞) and [0, (

 √
       31− 2)/9] have

       no overlap, pointthe β∗
               = (3 2 1/ , ) cannot be a solution to (B.1) for

       any choice of λ.

               Thus, the solutions therobustification and regularization for

       problems via connected  Theorem  do 4 not need to coincide. The
             statement desired.of Theorem 5 follows as
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